
PHYSICAL REVIEW E APRIL 1997VOLUME 55, NUMBER 4
Runaway electrons in a tokamak: A free-electron maser

B. Kurzan and K.-H. Steuer
Max-Planck-Institut fu¨r Plasmaphysik, Euratom-IPP Association, D-85748 Garching, Germany

~Received 26 September 1995; revised manuscript received 23 December 1996!

In ohmic divertor plasma discharges of the ASDEX upgrade tokamak containing a small population of
runaway electrons, fluctuating emission in the microwave region with a very narrow bandwidth is observed.
The radiation can be explained by relativistic runaway electrons, which are captured in a ripple resonance of
the tokamak and are thus made monoenergetic enough that they can undergo the collective instability of a
free-electron maser. From the frequency of the maser, the energy of the runaway electrons, and from the
linewidth and energy per radiation pulse, the particle density of the runaway electrons is determined locally.
Observing this maser radiation is thus a different diagnostic for runaway electrons in tokamaks.
@S1063-651X~97!12104-3#

PACS number~s!: 52.25.Sw, 52.75.Ms
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INTRODUCTION

For electrons moving faster than the mean thermal ve
ity, the friction force due to collisions decreases with incre
ing velocity. Thus with an electric field present in the plasm
such electrons are continuously accelerated, resulting in
away particles@1#. The dynamics of runaway electrons
tokamaks can be described by a Fokker-Planck equation@2#,
taking into account the acceleration in the toroidal elec
field, the deceleration by synchrotron radiation losses,
effect of collisions, and the ripple resonance mechani
With the last mechanism the angle between the velocity
the runaway electrons and the magnetic field, the so-ca
pitch angle, is increased, if the runaway electrons’ gyrom
tion is resonant with the harmonics of the magnetic ripple
the tokamak. If the increased synchrotron losses of the
away electrons equal the energy gain in the toroidal elec
field, the energy of the runaway electrons stays const
This is clearly seen in the bremsstrahlung spectra of the
away electrons obtained on the axial symmetric divertor
periment ~ASDEX! @2#. These relativistic monoenerget
runaway electrons amplify their spontaneously emitted ra
tion in the microwave range as a free-electron maser, wh
is the subject of this article. The maser radiation is clea
seen in the ASDEX upgrade tokamak@3# as fluctuating emis-
sion.

DETECTION SYSTEM

The apparatus@4# used for the detection of the radiation
a polychromator system usually used for the measureme
the temperature of the thermal electrons. The system de
microwaves, which are emitted and polarized perpend
larly to the magnetic field. It consists of several channe
which are sensitive to different microwave frequencies. E
channel covers a spectral range of 2.6 GHz. Due to techn
restrictions, the detection frequencies cannot be adjusted
dependently for each channel, but only for groups of fo
channels. The channels of one group have a fixed differe
of about 4 GHz between their sensitive spectral ranges.
detectors are InSb hot electron bolometers. The time res
551063-651X/97/55~4!/4608~9!/$10.00
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tion ~integrating time constant! of the system, consisting o
the detectors and the amplifiers is 1 ms.

OBSERVATION

By delaying the density ramp up at the beginning of
ohmic plasma discharge, a small runaway electron pop
tion is purposely generated. The current carried by the r
away electrons never exceeds 10 kA, which is conclud
from evaluating the absolutely calibrated hard-x-ray intens
generated by the runaway electrons. In an ohmic single-
divertor discharge~nominal magnetic field 2.90 T, plasm
current 600 kA, line-averaged thermal electron dens
331019 m23) containing runaway electrons generated at
time t50.3560.01 s by the above method fluctuating em
sion~spikes! with frequency 11662 GHz starts to develop a
the time 1.8 s~Fig. 1!. Spikes at other frequencies of th
microwave region develop in discharges with other values
the plasma density and the magnetic field~see below!. This
phenomenon has not yet been explained.

INTERPRETATION OF THE SPIKES
AS MASER RADIATION

The power of the fluctuating emission is much bigger th
the continuously emitted spontaneous radiation, which
Fig. 1 is practically zero. There is also no radiation from t
plasma~plasma frequencies, cyclotron radiation! that can ac-
count for the spikes. So the narrow emission must be ra
tion amplified by the runaway electrons. The Parail-Pogu
instability of suprathermal electrons@5# could amplify radia-
tion via the anormal Doppler effect. Since no supratherm
electrons are generated during the time of the fluctua
emission and the anormal Doppler effect is not possible
the refractive index of the plasma, which is smaller or eq
to one~Fig. 5!, this instability must be excluded.

Solving the time-dependent Fokker-Planck equation
scribing the dynamics of runaway electrons in tokamaks@2#
for the discharge discussed~where the skin effect is also
taken into account@6#! gives different final energies of th
runaway electrons, depending on the position of their d
surfaces in the plasma: Near the plasma center~minor radius
4608 © 1997 The American Physical Society
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55 4609RUNAWAY ELECTRONS IN A TOKAMAK: A FREE- . . .
r'0) the runaway electrons are accelerated to very h
energies, since due to the small ripple there is no effec
energy barrier. Near the plasma edge (r'a) the runaway
electrons are captured at very low energies in a ripple re
nance, because of the strong ripple there. Since with@7# one
can assume for the runaway electrons the same n
parabolic density profile as measured for the thermal e
trons, the energy which is finally reached at these two p
tions applies only to a minority of the population. In a regi
aroundr5a/A3 where the majority of the runaway popul
tion is located, the runaway electrons are captured in
toroidaln58 resonance~strength of the ripple relative to th
toroidal magnetic fieldDB/B5831027) corresponding to
an energy of 11.5 MeV, which is characteristic of the maj
ity of runaway electrons. The just mentioned small relat
ripple induces no additional spontaneous emission, wh
could explain the fluctuating emission.

The time-independent Fokker-Planck equation near
n58 resonance was solved numerically with the simplific
tion, that the ripple resonance is effective at a constant re
nant momentumpr5pnm(q50 rad) (pnm is the momentum
resonant with thenth toroidal andmth poloidal ripple har-
monic @2#, q is the pitch angle of the runaway electrons! and
not at constant gyrocenter momentumpnm(q)5pr /cos(q)
@8#. According to this solution~Fig. 2! the runaway electrons
have a very narrow energy distributionDp/pr'831023 at
pr522.5mec (me is the electron rest mass andc is the speed
of light in vacuum! and a maximum at the pitch ang
qM50.207 rad corresponding to cos(qM)50.9786. Due to
the simplification made, the correct resonant momentum
pnm(qM)5pr /cos(qM)523.0mec. The runaway electrons

FIG. 1. Total radiated powerP of the runaway electrons emitte
in a direction perpendicular to the path of the runaway electron
the microwave region, which is scaled from the radiation detec
by the polychromator system@4# with an integration time constan
of 1 ms: the continuous emission in the first second of the disch
stems from the just generated suprathermal electrons. With incr
ing energy of the runaway electrons this emission is shifted
higher frequencies. When the runaway electrons have reached
maximum energy, fluctuating emission~spikes! starts to develop in
the channel, which is sensitive to radiation with frequency 1
GHz. Since in the neighboring channels the intensity of the spike
much lower, the emission frequency is 11662 GHz.
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have both a narrow gyrocenter momentum and gyromome
tum distribution. The extent of the calculated momentum dis
tribution in the direction of the pitch angle is, however,
broader than the real one, because the resonant isotropizat
of the pitch angle is more effective with the constant reso
nance momentum assumed here for the calculation, than w
the real resonant momentum, which depends on the pitc
angle.

This extremely monoenergetic runaway electron beam
can amplify radiation as a free-electron maser, as will b
shown. Since in a tokamak the helical motion of the electro
beam stems from the gyromotion of the runaway electrons
the confining magnetic field, the energy blocked runawa
electrons form a so-called cyclotron-auto-resonance-mas
~CARM! originally proposed by@9,10#. The instability can
be triggered by an electromagnetic wave moving parallel t
the gyrocenter velocity@6# of the runaway electrons and pos-
sessing the resonant frequency

n5
nce

12nb rcos~qM!
~1!

@n is the refractive index,b r5A121/g r
2, g r is the relativis-

tic g factor of the runaway electrons,nce5(eB)/(2pg rme)
is the gyrofrequency of the runaway electrons,e is the el-
ementary charge, andB is the toroidal magnetic field#.

The initial resonant electromagnetic wave is emitted
spontaneously by the runaway electrons via the normal Do
pler effect everywhere in the plasma volume. SinceB;1/R
and sonce;1/R, whereR is the major radius of the plasma
varying between 1.05 m and 2.15 m, one should expect
much broader emission spectrum than observed. The CAR
process, however, is only possible at certain major radii b
which the observed frequency is defined: The initial wave
which is emitted by the relativistic electrons into a cone o
width 1/g r rad in the direction of their momentary velocity,
does not immediately run parallel to the gyrocenter velocit
of the runaway electrons, but encloses with this direction th
angle a, which is initially equal to the pitch angle
qM@1/g r rad. So the electromagnetic wave cannot interac
with the electron beama priori. This electromagnetic wave
with frequencyn5nce /@12n(a)cos(a)brcos(qM)# interacts
with the medium consisting of the plasma and the runaway
for which the refractive index was calculated~Appendix A!.
At the position where the frequency of the spontaneousl
emitted radiation is resonant with the Doppler shifted gyro
frequency of the runaways, the refractive index of the me
dium depends only weakly on the runaway density, but i
mainly determined by the runaway electrons’ resonance d
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o
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FIG. 2. Calculated stationary distribution of the runaway elec
trons captured in then58 resonance.
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4610 55B. KURZAN AND K.-H. STEUER
nominator DR52pg r$n@12n(a)cos(a)cos(qM)b r #2nce%
'0. At the resonance the product termn(a)cos(a) is nearly
constant when varyinga, becauseDR stays near to zero~Fig.
3!. Thus the frequency of the radiation emitted with ang
aÞ0 at the resonance position is approximately the sam
for a50. Another consequence is that the radiation initia
emitted witha5qM is bent toa50 so that it finally runs
parallel with the guiding center velocity of the runawa
~Fig. 4!. This wave, however, is shifted in the poloidal pla
of the tokamak by about 1 cm with respect to the position
the emission. The displaced wave can only interact re
nantly with the runaway electrons if the resonance freque
n does not change with the position,

¹W n50W . ~2!

This condition is fulfilled if the refractive index for the wav

FIG. 3. For a plasma runaway electron medium~Appendix A!
n(a)cos(a) is nearly constant if the frequency of the propagati
wave is in resonance with the Doppler shifted gyrofrequency of
runaways, which is the case at the major radius 2.15 m. Thi
impossible for the pure plasma. At other major radii the runaw
change the refractive index compared to the pure plasma case
n(a)cos(a) is not constant. The results shown here are calcula
with a parabolic profile for the thermal electron density f
uR21.65mu,0.5 m and an exponentially decaying profile~decay
constant'1 cm! for uR21.65 mu.0.5 m as observed on ASDEX
upgrade.

FIG. 4. An electromagnetic wave, propagating initially wi
angleaÞ0 with respect to the magnetic field, is bent toa50 if,
according to the laws of refraction,n(h)sin(h)5n(a)cos(a)
5const is fulfilled, as is the case for the plasma runaway elec
medium.
as
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y

propagating parallel to the magnetic field varies in the po
dal (R,z) plane of the tokamak as

S dndzD
post

50

S dndRD
post

5F 1

b rcos~qM!
2n~a50,R!G Y R. ~3!

For propagation witha50, the refractive index is mainly
determined by the plasma alone~Fig. 3!. The refractive index
for a cold plasma@11# depends on both the density of th
thermal electrons and the magnetic field~Fig. 5!. The latter,
however, does not change withz. So (dn/dz)post50 is only
fulfilled in the equatorial plane of the plasma, where the fl
surfaces on which the electron density is constant are tan
tial to the z direction. Comparing the postulated chan
(dn/dR)post with the real change (dn/dR) in the equatorial
plane of the plasma gives two major radii where both ma
and the CARM process is possible~Fig. 6!. However, it is
only at the plasma edge (R52.15 m! that the calculated fre-
quency 12269 GHz agrees with the observed frequen
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n

FIG. 5. Refractive index for an electromagnetic wave of fr
quency 116 GHz propagating parallel to the magnetic field in
equatorial plane of a cold plasma, calculated with the density pro
used in Fig. 3.

FIG. 6. Comparison between the real (dn/dR) ~solid line! and
the postulated (dn/dR)post ~dotted line! in the equatorial plane of
the plasma.
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55 4611RUNAWAY ELECTRONS IN A TOKAMAK: A FREE- . . .
11662 GHz. The resonant position at the plasma edge ex
only for an exponentially decaying thermal electron dens
as observed in the scrape-off layer of ASDEX upgrade.

COHERENCE LENGTH

The width 2Dn1/2&4 GHz of the amplified spontaneou
emission must be due to a monochromatic wave pulse
length @12#

LP*
n

2Dn1/2

vGC
nce

53.2 m ~4!

(vGC is the guiding center velocity@6# of the runaways!.
This wave pulse is long enough, that for the time of t
interaction it is bent along the runaway paths with a radius
curvature of aboutRC52.15 m. This is possible in the
plasma runaway electron medium, as shown above~Figs. 3
and 4!. Thus, in addition to an amplifying fiber, a halo o
runaway electrons with a diameter of some centime
around the core is necessary to make the maser process
sible in the tokamak. This condition is fulfilled since, over
length of some centimeters, the runaways are uniformly
tributed in the plasma. The value ofLP obtained here is
consistent with the observed efficiency of the maser ca
lated below.

DETERMINATION OF THE RUNAWAY ELECTRON
DENSITY, GAIN OF THE CARM

The finite lengthLP is due to the lossL of the curved
guided wave,

L5expS 2
vGCt
LP

D . ~5!

For the emission of coherent radiation this must be comp
sated by the gainG of the CARM. G increases with the
densitynR of the runaway electrons. For an overall ampli
cation greater than one, the conditionG3L*1 must be ful-
filled, thus giving a lower limit for the density of the run
aways. For this, the gain of the CARM, parametrized
nR , must be calculated.

The potentially amplifying electron beam is embedded
the edge plasma of ASDEX upgrade~thermal electron den
sity ne51018 m23, magnetic fieldB52.23 T!, which could
affect the gain of the CARM. This is discussed in the fo
lowing.

The observed radiation could be shielded by the plasm
the plasma frequencynpe0 is bigger than the frequency of th
CARM. The plasma density, however, is so small that
resulting plasma frequencynpe059 GHz is much smaller
than the frequency 116 GHz of the CARM. Thus the effe
of the shielding can be neglected.

The bunching of the runaway electrons during the mas
process~Appendix B! is not perturbed by collisions of th
runaway electrons with the plasma particles, because t
mean free path lengthl51/(sne) (s is an effective cross
section! is much greater than the interaction lengthLP . The
effective cross section describing the collisions of the r
away electrons with the thermal ions and electrons is ca
lated by
ts
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umin

umax ds

du
u2du ~6!

(ds/du is the differential cross section,u is the angle be-
tween the velocity vectors of the runaway electron bef
and after a collision!. Using the relativistically correct differ-
ential cross section@13#, the mean free path length of th
relativistic runaway electrons moving at the speed of ligh

l5
ep«0

2me
2c4g r

2

e4~Zeff11!ln~L!ne
~7!

@«0 is the dielectric constant,Zeff is the effective ion charge
of the plasma, ln(L)5ln(umax/umin)517 is the Coulomb
logarithm#. For the runaway electrons of interest he
g r523, the thermal electron densityne51018 m23, and a
pure hydrogen plasma (Zeff51) the mean free path lengt
l57.831010 m is much bigger thanLP . Thus the runaway
electrons are collisionless along the interaction lengthLP .

For the CARM formed by the runaway electrons no cou
terrunning wave@14#, but only corunning waves are possib
for the above mentioned parameters of the plasma~see Fig.
7!. Thus when calculating the gain of the CARM the follow
ing effects arising from the presence of a counterrunn
wave can be neglected: There is no energy exchange
tween the co-, and counterrunning wave and the elec
beam@15#, no induction of a Bragg reflecting density gratin
in the plasma surrounding the beam@16#, no coherent addi-
tion of co- and counterrunning wave@17#. These effects
could influence the coupling between the electromagn
waves and the electron beam and thus the CARM’s gain.
small change of the refractive index at the observed
quency of 116 GHz between the cases of pure vacuum
plasma, is not as critical for CARMs having a broad amp
fication bandwidth~see Fig. 7! as it is for a backward wave
oscillator ~BWO! @18–20# having only one possible fre
quency of operation.

Metallic structures near to the CARM, like the ion cyclo
tron resonance antennas in ASDEX upgrade, do not per
the dispersive characteristics@21#: For a good coupling im-

FIG. 7. Brillouin plot of the dispersive characteristics of th
CARM, n5kcos(qM)vGC1nce ~solid line! and of the tokamak
edge plasma (ne51018 m23, B52.23 T! ~dashed line! possessing a
cyclotron resonance at 62 GHz~shot no. 4770! (n is the frequency
andk is the wave number!. No electromagnetic wave can propaga
below the plasma frequencynpe059 GHz atk50. The dispersion
relations of the beam and the plasma intersect only for posi
wave numbers, thus no counterrunning wave is possible.
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4612 55B. KURZAN AND K.-H. STEUER
pedance between the beam and the metallic structure
beam diameter should be smaller thanl/4 @17#, wherel is
the wavelength of the maser radiation. For a beam rad
equal to the gyroradius of here 3.6 mm andl/450.6 mm,
this condition is not fulfilled.

The wave moving along the bent path in the tokamak
be approximated by one moving along a straight path, if
phase difference of the wave between the inner and o
radius of the resonant beam,RC6r B (r B is the beam radius!
is negligible. This is expressed by the relation@22#

RC@S LR3l D 1/2 ~8!

(LR5pr R
2/l is the Rayleigh diffraction length!. With the

gyroradius as beam radius this condition is easily fulfille
(LR

3/l)1/253.8 cm!RC52.15 m. So the maser instability o
the runaway electrons can be described by a linear CARM
vacuum.

By numerically solving the cubic dispersion relation of
CARM undergoing the collective instability~see Appendix
B! the gain of the maser

G5exp@2Im~l!t# ~9!

is calculated.t52vcer(g r
2/g0

2)t is the normalized time (t is
the real time! depending via r5$@sin(qM)g0

2vpR0#/
(4g r

2vce)%
2/3, vpR05@(nRe

2)/(«0me)]
1/2 on the densitynR

of the runaway electrons (vce52pnce). g0 ,g r are the rela-
tivistic mass factors of the runaway electrons prior to
masing process and resonant with the frequency to the
plified ~see above!, respectively. Im(l),0 is the normalized
growth rate, which in general, depends on the density,
energy, and the pitch angle of the runaway electrons.
pitch angleqM used for calculating Im(l) is determined by
the energy balance between the energy gain in the toro
electric field and the synchrotron radiation losses nea
ripple resonance. The effect of the ripple magnetic field as
undulator is negligible here. For the low densities of t
runaway electrons,n̄R&331014 m23, corresponding to the
observed current carried by the runaway electrons of 10
it is found that the collective instability takes place in t
Compton regime and Im(l) is independent ofnR . The nor-
malized growth rate reaches its maximum val
uIm(l)Mu51 at the resonance energyg rmec

2 ~Fig. 8!. Thus,
exactly the frequency which is spontaneously emitted
thus is resonant with the runaways is amplified, confirm
the observation. The half width of the gain curv
2Dg'0.24, fornR51013 m23 is broader than the width o
the calculated distribution function of 2Dg,0.18 ~see
above!. Thus, for calculating the growth rate, the approxim
tion of the runaway electrons’ momentum distribution byd
functions is justified.

From the conditionGL*1 a lower limit for the density of
the runaway electrons,

nR*S 2Dn1/2
n D 3 B2

g rsin
2~qM!

«0
4p3uIm~l!Mu3me

~10!

is obtained. The calculated density of the runaway electr
nR*231013 m23 is low compared with the line-average
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density n̄R5331014 m23. So the assumption of a peake
density profile ofnR for this ohmic discharge is confirmed
This analytical estimate of the runaway density in the re
nance zone of the CARM is valid for the zero initial spre
of the pitch angle. For a more exact determination of
density of the runaway electrons a numerical simulation
the collective instability, taking into account the momentu
distribution of the runaway electrons, which affects t
growth rate, must be performed.

To check the value of the runaway electron density,
efficiency of the maser will be estimated in the followin
The reflection coefficientRPV at the boundary betwee
plasma and vacuum for an electromagnetic wave reso
with the runaway electrons isRPV51/(4g2) @23#. Thus all
the energy contained in the amplified wave is observa
outside the plasma, allowing the comparison of the measu
and theoretical efficiencies of the CARM without any co
rections. Since we found the duration of the spikes to
shorter than the time resolution of the analog-to-digital co
verter of 0.5 ms, we estimate the measured saturation en
with the integrating time constant of the detector system o
ms to beES510 mW31 ms, which compared to the energ
EB of the resonant runaway beam~beam lengthLP , beam
radius equal to the gyroradius of the runways! is
ES /EB5331023. This is comparable to the theoretical pr
dicted one,h*331023, calculated from@12#

h5Fsin~qM!vpR

4vce
G2/3 ~11!

with vpR5vpR0 /Ag r .

IDENTIFICATION OF SIDEBANDS

Due to the limited frequency resolution of 2.6 GHz
each channel, the detection system does not cover the
spectrum of the CARM radiation without leaving hole

FIG. 8. The normalized gain2Im(l) ~calculated forg r523,
qM50.207 rad! does not depend on the density of the runaways
the rangenR'1013–1014 m23 corresponding to the Compton re
gime, but on their energygmec

2. This is expressed by the norma
ized quantityj and byDg i5g2g r , with i51 for nR51013 m23

and i52 for nR51014 m23. The maximum growth rate is reache
for Dg i50 corresponding to the resonance energy.
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55 4613RUNAWAY ELECTRONS IN A TOKAMAK: A FREE- . . .
where the emission is unknown. It can, however, be sta
that within a frequency difference of 3 GHz the emissi
intensity decreases from a maximum around 11761.3 GHz
to practically zero at 12061.3 GHz and increases again to
detectable level at 12461.3 GHz and 13061.3 GHz. In the
following this upshifted emission of lower amplitude is a
cribed to a sideband of the main radiation. Sidebands
generated when the amplification process of the electrom
netic wave saturates and the electrons are being captur
the ponderomotive potential well@12,24#. There they per-
form synchrotron oscillations with a bounce frequency
~see Appendix C!

nb5nceS 2p D 3/4S eg r tan~qM !

nmecrg
D 1/2S ES

«0LP
D 1/4 ~12!

valid for small amplitude oscillations. The sidebands con
then of the lines@25#

nS5n1NS

nb
12vGC /c

~NS561,62, . . . !. ~13!

The frequency difference between the lines calculated w
Eqs. ~12! and ~13! for the discharge discussed
nb /(12vGC /c)56 GHz. This explains the shift of the ob
served first sideband line by 762 GHz'6 GHz and of the
second line by 1362 GHz'236 GHz. With Eq.~13! one
expects to have no radiation intensity at a frequency shif
3 GHz as confirmed by the nondetectable radiation in
frequency channel sensitive to 120 GHz. At the downshif
side no channel with zero intensity is seen. There co
however, exist one since we do not observe the spec
range between 113.3–115.7 GHz because of restriction
the detection system. The same is true for the freque
range 106.3–110.7 GHz. The intensity level of the dow
shifted radiation is similar to the upshifted part. Thus it c
be identified as a lower sideband. No further information
available about the fine structure of this spectrum. From
above analysis it is favored that the sidebands consis
single lines instead of a continuum.

There exists a small number of spikes, which appea
frequency channels other than 117 GHz and have no co
terpart at 117 GHz. This can be explained by the fluctuat
electron density at the plasma edge, which changes the p
angle of the runaway electrons due to a varying friction fo
exerted by the plasma on the runaways. The center emis
frequency of the runaway electrons then varies with cha
ing pitch angle.

CARM FREQUENCIES AND RUNAWAY ELECTRON
PARAMETERS FOR DIFFERENT DISCHARGE

PARAMETERS

For different values of the plasma densityne and the tor-
oidal magnetic fieldB, the runway electrons achieve diffe
ent maximum energiesg rmec

2 ~see Table I!, as calculated
with the Fokker-Planck equation describing their dynam
@2#. The observed fluctuating emission at different frequ
cies nm can be explained by the formation of a CARM
discussed above in detail for discharge No. 4770. The ca
lated frequenciesnc coincide with the measured onesnm
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within the errors of measurement and calculation. For de
mining the density of the runaways from the linewidt
Dn1/2 the observedvaluesnm were used forn in Eq. ~10!.
This is important for discharge No. 4405, where due to te
nical restrictions of the detection system, only the seco
harmonic could be observed. The efficiencyhm for discharge
No. 4405, measured from the radiation pulse energy, is m
smaller than the theoretical oneh, because the main radia
tion is emitted at the fundamental frequency as confirmed
the other discharges. To increase the accuracy of the resu
detection system with an increased frequency resolu
must be used.

CONCLUSION

In a tokamak, a monoenergetic relativistic electron bea
fulfilling the conditions required for a free-electron maser,
inherently prepared and stored. From the emitted freque
the energy of the runaway electrons, and from the obser
spectral width and emitted energy per radiation pulse,
particle density of the runaway electrons can be deduced
was demonstrated. Thus observing this coherent radiatio
a different diagnostic for runaway electrons in tokama
@26#. The energies of the detected extremely monoenerg
runway electrons coincide with the values calculated w
the Fokker-Planck equation describing the runaway e
trons’ dynamics in tokamaks@2#, confirming the validity of
this model.

TABLE I. Comparison of the CARM frequencies and runaw
electron parameters for different discharge parameters:n̄e is the
mean thermal electron density of the plasma,B is the toroidal mag-
netic field at the major radius of 1.65 m. For the runaway electr
the energiesg rmec

2 resonant with theNth toroidal ripple resonance
and their pitch angleqM were calculated with a Foker-Planck equ
tion @2#. The observed CARM radiation of frequencynm and width
Dn1/2 agrees within the errors with the calculated frequencync .
The coherence lengthLP of the CARM radiation and the densit
nR of the runaway electrons was estimated from the linewidth of
CARM radiation.h is the theoretical, andhm is the measured effi-
ciency of the CARM. In discharge no. 4405 only the second h
monic of the CARM radiation could be observed, which is emitt
with a smaller efficiency (hm!h) than the fundamental radiatio
of the other discharges (hm'h).

Discharge no.

4383 4405 4770

n̄e (10
19 m23) 1 1.2 3.0

B ~T! 2.14 1.81 2.90
g r 33.6 28.6 23.0
N 4 4 8
qM @rad# 0.162 0.200 0.205
nm6Dn1/2 @GHz# 9563 10569 11662
nc @GHz# 10169 132614 12468
LP @m#* 3.5 2.7 3.2
nR@1013 m23]* 6 7 2
h ~units of 1023) 5 6 3
hm ~units of 1023) 1.4 0.2 3
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APPENDIX A: REFRACTIVE INDEX OF A PLASMA
CONTAINING RUNAWAY ELECTRONS

The influence of the electron beam on the refractive ind
of the medium consisting of a plasma containing high ene
electrons has, in the past, been neglected in the analys
CARMs in plasmas@27–29#. For our application the refrac
tive index of the whole medium is crucial for the guiding
the maser radiation.

The refractive indexn is calculated by solving the dispe
sion relation@formulas ~10!, ~7!, and ~73! in @11## of the
medium

U e112n2cos~a! e12 e131n2cos~a!sin~a!

e21 e222n2 e23

e311n2cos~a!sin~a! e32 e332n2sin2~a!
U

50 ~A1!

(e i j are the elements of the dielectric tensor, where the in
cesi , j51,2,3 denote the directions perpendicular and pa
lel to the magnetic field, respectively!.

To calculate the dielectric tensor simplifying assumptio
are made: The thermal electrons are approximated by
electrons, because their velocity is much smaller than
speed of light and therefore no kinetic interaction is e
pected. The distribution function of the runaway electro
being captured in a ripple resonance and having clearly
fined parallel (pi0) and perpendicular momenta (p'0) is ap-
proximated by

f ~p' ,pi!5
nR

2pp'0me
2c2

dS p'2p'0

mec
D dS pi2pi0

mec
D

~A2!

@nR is the density of the runaway electrons, the parallel a
perpendicular momentapi ,p' are the arguments of the dis
tribution function f , d( ) is thed function#.

Calculating the elements of the dielectric tensor with f
mulas~1-2-4! and ~10-6-48! in @11# gives

e115S1
vpR0
2

v2 H A0

DR

2J1~z!J18~z!v

g rz
1

B

DR
2

J1
2~z!vce0

2

g rn
2sin2~a! J ,

~A3!

e1252 iD2 i
vpR0
2

v2 H A0v

DR
F S J182~z!1J1~z!J19~z!

1
J1~z!J18~z!

g rz
G

1
B

DR
2

J1~z!J18~z!vce0v sin~qM!A121/g r
2

n sin~a! J ,
~A4!
x
y
of

i-
l-

s
ld
e
-
s
e-

d

-

e135
vpR0
2

v H J1~z!

DR
@2J18~z!cotan~qM!A0

1J1~z!vvcecotan~a!#

1
B

DR
2

J1
2~z!vce0cos~qM!A121/g r

2

nsin~a! J , ~A5!

e225S1vpR0
2 H 2A0J18~z!

DRv
@J19~z!z12J18~z!#1

B

DR
2 J18

2~z!

3~g21/g r !sin
2~qM!J , ~A6!

e2352 i
vpR0
2

v H 1

DR
FA0„~J18

2~z!1J1~z!J19~z!!g rzcot~qM!

1J1~z!J18~z!cot~qM!…1J1~z!J18~z!z
vce0

v
cot~a!G

2
B

DR
2 J1~z!J18~z!~g r21/g r !cos~qM!sin~qM!vJ ,

~A7!

e335P1vpR0
2 H 2J1~z!

DR
FA0

J18~z!nsin~a!cot2~qM!

vce0

1
J1~z!ncos~a!A121/g r

2

v G2
B

DR
2 J1

2~z!~g r21/g r !

1
@cot2~qM!21#~221/g r

2!21

g rv
2 J , ~A8!

e2152e12, e315e13, e3252e23. ~A9!

v is the radian frequency of the propagating wav
DR5g rvA02vce0, A0512ncos(a)cos(qM)A121/g r

2, B
5n2cos2(a)21, S5(R1L)/2, D5(R2L)/2, R512vpe0

2 /
@v(v2vce0)#, L512vpe0

2 /@v(v1vce0)#, P512vpe0
2 /

v2. J1(z) is the Bessel function of first order with the arg
ment z5(v/vce0)nsin(a)sin(qM)A121/g r

2. J18(z) and
J19(z) denote the first and second derivative ofJ1(z). vpe0

andvpR0 are the plasma frequencies of the thermal and r
away electrons, respectively,vce0 is the gyro-
frequency of the thermal electrons.

The dielectric tensor is purely real, resulting in no grow
or damping of the electromagnetic wave due to kinetic
fects. An amplification of a wave is only possible by th
reactive instability@11#, which is identical to an instability of
a free-electron maser~see Appendix B!.

The refractive index is then calculated by numerica
solving the dispersion relation for real wave vector and f
quency for a right circularly polarized~extraordinary! wave,
and is valid as long as the cold plasma approximation ho
i.e., thatn should not be much bigger than 1.
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APPENDIX B: GROWTH RATE OF A CARM
IN A COLLISIONLESS PLASMA

The CARM growth rates found in the literature@27–30#
that are used to interpret maser radiation of suprather
electrons in space plasmas are based on the collisionless
sov equation. For an electron beam describable byd func-
tions of the momenta, wave growth due to kinetic effects
suppressed and the reactive instability identical with the c
cept of bunching of the beam electrons is used@11,31,32#.
The formalism of this instability, as derived from the Vlaso
equation, is equivalent to the description of the amplifyi
process by the so-called pendulum equation~Sec. 11.6 in
@31#!. Here the maximum growth rate occurs at a frequen
slightly different from the nominal resonance frequen
n5nce /@12nb rcos(qM)#. Thus there exists a contradictio
if these growth rates are applied to the CARM formed by
runaway electrons in a tokamak, that is, the CARM m
amplify the electromagnetic radiation which is spontan
ously emitted by the runaway electrons at the nominal re
nance frequency. For this, however, a slight energy m
match between the amplifying and the spontaneou
emitting runaway electrons must exist, which is impossi
for a d function distribution of the momenta~see Appendix
A!. This problem is solved by calculating the growth rate
the collective instability, where the assumption of a const
phase of the amplified wave made in the Vlasov equa
formalism is omitted and, thus, the maximum growth rate
obtained at the nominal resonance energy of the runa
electrons. For this, the formalism used to describe the col
tive instability for undulator based free-electron mas
~FEM! @12#, is extended to a CARM by including the az
muthal bunching.

In an undulator based FEM the perpendicular oscillat
motion is generated by the undulator magnets. In a CAR
this is inherent in the gyromotion due to the axial magne
field. To extend the formalism of a FEM to a CARM, whe
azimuthal bunching due to a change in the electron ene
occurs, the gyrofrequency is expanded in a Taylor serie
first order around the resonant relativistic mass factorg r

vce0

g
5

vce0

g r
2

vce0

g r
2 ~g2g r ! ~B1!

(g is an arbitrary relativistic mass factor close tog r). With
the wave vectorko of the oscillatory motion defined by
kovGC5vce0 /g r , this can be expressed by

vce0

g
5kovGC2

vce0

g r
2 ~g2g r !. ~B2!

In the formalism of the FEM,kovGC is the frequency of the
oscillatory motion in the magnetic field of the undulator. T
azimuthal bunching is described by the ter
2vce0(g2g r)/g r

2 , to first order. The phase relation betwe
a linearly polarized wave and a plane oscillatory motion
the same as between a circularly polarized wave and
gyromotion. Thus only the term for azimuthal bunching mu
be included in the FEM equations@12#
al
la-
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s
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s
e
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dc j

dt
5

1

2rS 12
1

r2G j
2D 1S j1

1

2r D ~12rG jA2rj11!

1
i

rG j
2 ~Aeic j2c.c.!2s2

uAu2

2G j
2

dG j

dt
52

1

rF S AG j
1 is2^e2 ic j& Deic j1c.c.G ~B3!

dA

dt
5 K e2 ic j

rG j
L 1 iAj2 i

s2

2r K 1G j
LA

@c j5u j2 u̇0t,u j is the difference between the gyrophase
the j th runaway electron and the phase of the electrom
netic wave,u̇05vce0@12(g r /g0)

2#/g r , g0 is the relativis-
tic mass factor of the runaway electrons prior to the mas
process,t is the real time,G j5g j /(rg0), g j is the relativis-
tic mass factor of the j th runaway electrons and
r5$@sin(qM)g0

2vpR0#/(4g rvce0)%
2/3,

A5ea0exp~ i u̇0t !g0sin~qM!/~4mec
2g r

2kor
2!,

a0 is the amplitude of the electromagnetic wav
j5(g0

22g r
2)/(2g r

2r), t52vce0rg r t/g0
2 is the normalized

time,

s254r2@11g0
2sin2~qM!#/@g0

2sin2~qM!#

and ^•••&

denotes the average over all the masing runaway elect
numbered by the indexj ].

The term

S j1
1

2r D ~12rG jA2rj11!5vce0

g r2g j

g r
2 ~B4!

in the equation for the phasec j describes the azimutha
bunching.

Expanding the normalized variables around their equi
rium values

A501A

c j5c0 j1u j , c0 j5
2p~ j21!

NR
~B5!

rG j511h j ,

(NR is the number of runaway electrons taking part in t
masing process! and inserting the variablesA,c j ,h j in the
above CARM equations gives, after linearizing with the ne
variablesX5A, Y5^e2 ic0 ju j&, Z5^e2 ic0 jh j /r&

2
dX

dt
1 i S j2

s2

2 D X2 iY2rZ50

dY

dt
2 irX2ZF11

~2rj11!3/2

2 G50 ~B6!
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dZ

dt
1X1

s2

r
Y50.

With the ansatz

X5A~0!eilt, Y5Y~0!eilt, Z5Z~0!eilt, ~B7!

(l is an eigenvalue of the three coupled maser equatio!
one receives, from the above equations, the cubic disper
relation

S l2j1
s2

2 D Fl22
s2

r S 11
~2rj11!3/2

2 D G12rl1rs211

1
~2rj11!3/2

2
50 ~B8!

which is solved numerically. The collective instability occu
if there exists a complexl with an imaginary part
Im(l),0. The resulting gain of the maser scales
G5exp@2iIm(l)t#.

APPENDIX C: BOUNCE FREQUENCY
OF THE SYNCHROTRON OSCILLATIONS

When the amplification process of a free-electron ma
saturates the amplitude of the electromagnetic wave,
.

p

s
on

s

r
e

wave is so big that the small amount of energy exchan
with the electrons leaves the wave’s phase nearly unchan
In this case, the CARM can be described by the pendu
equation@12,24,31#

d2u j

dRGC
2 52F 2pnb

cb rcos~qM!G
2

@sin~u j !2sin~u r !#, ~C1!

whereu j is the difference between the phase of thej th run-
away electron and the electromagnetic wave,u r is the same
as u j but for runaway electrons with the resonant ener
RGC is the space coordinate along the guiding center mo
of the runaway electrons, andnb the bounce frequency. From
the basic equation~B3! ~see Appendix B! describing the dy-
namics of the CARM, the bounce frequency

nb5nceS 2p D 3/4S eg r tan~qM!

nmecrg
D 1/2S ES

«0LP
D 1/4 ~C2!

was calculated. It is assumed here that the electric field of
electromagnetic wave interacting with the electrons is c
stant and of nonzero value only inside a cylindrical volum
of lengthLP and of a radius equal to the gyroradiusr g of the
runaway electrons. When integrating over the space coo
nates the resulting electric energy is equal to the radia
pulse energyES .
A
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